A differential calculus on Z 3 -graded quantum superspace R q (2|1) 
Introduction
Noncommutative geometry [1] , in recent years, started to play an important role in many different areas of mathematics and mathematical physics. The basic structure leading to the noncommutative geometry is a differential calculus on an associative algebra. The noncommutative differential geometry of quantum groups was introduced by Woronowicz [2] . In his approach the differential calculus on the group is deduced from the properties of the group and it involves functions on the group, differentials, differential forms and derivatives.
After presentation of the quantum plane by Manin [3] , Wess and Zumino [4] has developed a differential calculus on the quantum (hyper)plane which is covariant under the action of quantum group. In that approach, differential forms are defined in terms of noncommuting coordinates, and the differential and algebraic properties of quantum groups acting on these spaces are obtained from the properties of the spaces. The natural extension of their scheme to superspace [5] was introduced in e.g. [6] and [7] .
Recently, there have been many attempts to generalize Z 2 -graded constructions to the Z 3 -graded case [8] , [9] , [10] , [11] , [12] , [13] and Z N -graded case [14] and [15] . The noncommutative geometry of the Z 3 -graded quantum superplane is investigated in [11] . In this work, we will set up a differential calculus on the Z 3 -graded quantum (2 + 1)-superspace, denoted by R q (2|1). The differential calculus on the Z 3 -graded quantum superspace involves functions on the superspace, differentials, differential forms and derivatives. The most important property of this calculus is that the operator d satisfies d 3 = 0 (d 2 = 0) and it contains as a consequence, not only first differentials dx i , i = 1, 2, 3, but involves also higher order differentials d k x i , k = 1, 2. This paper is organized as follows. In section 2, we define Z 3 -graded quantum superspace and we introduce its Hopf algebra structure. In section 3, we give a differential calculus on the Z 3 -graded quantum superspace. Z 3 -graded quantum Lie superalgebra is given in section 4. The dual Hopf algebra is given in section 5. In section 6, we introduce a new Z 3 -graded quantum supergroup which is the symmetry group of the existing calculus. In section 7, we give an R-matrix which is associated with the quantum Z 3 -graded superspace R q (2|1).
Z 3 -graded quantum superspaces
In this section, we will state some properties of the Z 3 -graded quantum superspaces.
Z 3 gradation
The cyclic group Z 3 can be represented in the complex plane as multiplication by primary cubic roots of unity j = e 1 + j + j 2 = 0 and j 3 = 1.
In the following sections, we will continue taking j = q. Let us consider a vector space V of finite dimension d with the direct sum decomposition V = V 0 ⊕ V 1 ⊕ V 2 such that there is a function with values in the group Z 3 given by p(x) ≡ α (mod 3) when x ∈ V α . This direct sum defines a Z 3 -gradation on V and any vector v ∈ V is uniquely determined by the sum v = v 0 ⊕ v 1 ⊕ v 2 with its homogeneous components v α ∈ V .
The Algebra of functions on the Z 3 -graded quantum superspace
One can define a Z 2 -graded superspace R(2|1) by dividing the superspace R(2|1) of 3x1 vectors into two parts R(2|1) = V 0 ⊕ V 1 . A vector is an element of V 0 (resp. V 1 ) and is of grade 0 (resp. 1) if it has the form given below:
We know that the Z 2 -graded quantum superspace R q (2|1) is defined as an associative, unital algebra generated by two even coordinates x, y and an odd (Grassmann) coordinate θ with four quadratic relations [5] 
where q is a nonzero complex number. As an algebra, O(R q (2|1)) is the quotient of the super q-commutative polynomial algebra C[x, y, θ] in three indeterminates x, y, θ (they are the coordinate functions on R q (2|1)) by the two-sided ideal generated by the elements xy − qyx, xθ − qθx, yθ − qθy, θ 2 . In the limit q → 1, this algebra is super-commutative and can be considered as the algebra of polynomials R(2|1) over the usual superspace, where x, y and θ are the three coordinate functions.
One of possible ways to generalize the Z 2 -graded superspace is given by the following definition.
Definition 2.1. Let K{x, y, θ} is a free associative algebra generated by x, y, θ and I is a two-sided ideal generated by xy − qyx, xθ − qθx, yθ − q 2 θy, y 3 and θ 3 . The quantum superspace R q (2|1) with the function algebra
is called Z 3 -graded quantum superspace.
In the Z 3 -graded O(R q (2|1)) the generator x is of degree zero, the generator y is of degree 1 and the generator θ is of degree 2.
In accordance with Definition 2.1, we have
where q is a cubic root of unity (q 3 = 1). The associative algebra O(R q (2|1)) is q-commutative and known as the algebra of polynomials over the Z 3 -graded superspace, where x, y and θ are the three coordinate functions.
So, we define a Z 3 -graded quantum superspace R q (2|1) by dividing the quantum superspace R q (2|1) of 3x1 vectors into three parts
A vector is an element of V 0 (resp. V 1 , V 2 ) and is of grade 0 (resp. 1, 2) if it has the form given below:
Note 1. It is easy seen, from (1) , that the quantity x 3 is a central element of the algebra O(R q (2|1)). As we will see in the next section, the cube of x is in fact a central element for all differential algebra.
We also need to consider a quantized version of a dual algebra in three variables: Definition 2.2. The quantum superspace R * q (2|1) with the function algebra
is called dual Z 3 -graded quantum superspace.
Hence, in accordance with Definition 2.2, we have
Here, the generators ξ, η, z are of degree 1, 2, 0, respectively. Note 2. It is easy seen, from (2) , that the generator z is a central element of the dual algebra O(R 2.3. The Hopf algebra structure on A We define the extended Z 3 -graded quantum superspace to be the algebra containing R q (2|1), the unit and the inverse of x, x −1 , which obeys xx
We will denote the unital extension of O(R q (2|1)) by A. Let us begin with the following definition given by Majid [16] . Definition 2.3. For the Z 3 -graded algebra A, the product rule in the Z 3 -graded algebra A ⊗ A is defined by
where a, b, c, d are homogeneous elements in the algebra A whose grading is given by the function p(.) with values in the set Z 3 = {0, 1, 2}.
Proposition 2.4. The algebra A is a Z 3 -graded Hopf algebra. The definitions of a coproduct, a counit and a coinverse on the algebra A are as follows:
(1) The coproduct ∆ : A −→ A ⊗ A is defined by
(2) The counit ǫ : A −→ C is given by
(3) If we extend the algebra A by adding the inverse of x then the algebra A admits a C-algebra antihomomorphism (coinverse) κ : A −→ A defined by
Proof. It is not difficult to verify the following properties of the costructures: The coproduct ∆ is coassociative in the sense that
where id denotes the identity map on A and ∆(ab) = ∆(a)∆(b), ∆(1) = 1⊗1. The counit ǫ has the property
where m stands for the algebra product A ⊗ A −→ A and ǫ(ab) = ǫ(a)ǫ(b), ǫ(1) = 1. The coinverse κ satisfies
and κ(ab) = κ(b)κ(a), κ(1) = 1.
The set {x k y l θ m : k ∈ N 0 , l, m = 0, 1, 2} forms a vector space basis of O(R q (2|1)). The formula (4) gives the action of the coproduct ∆ only on the generators. The action of ∆ on product of generators can be calculated by taking into account that ∆ is an algebra homomorphism.
A differential calculus on the Z 3 -graded quantum superspace
In this section, we will set up a differential calculus on the Z 3 -graded quantum superspace R q (2|1). This calculus involves functions on this superspace, differentials and differential forms. It is sufficient to define the action of the differential operator on the coordinates and on their products.
Differential algebra on superspace
We begin with the definition of the Z 3 -graded differential calculus. Let p(α) denote the grade of α. 
For the product by elements a ∈ Γ ∧0 = A we shall write simply aρ and ρa, ρ ∈ Γ ∧ . The second condition in Definition 3.1 is called the Z 3 -graded Leibniz rule.
For any differential calculus over the Z 3 -graded algebra the following identity holds:
We recall here that q = j = e 2πi/3 .
For the Hopf algebra A presented in Section 2, we will take ϕ = ∆. From the Definition 3.2 one deduces the following properties [2] :
It is well known that in classical differential calculus, functions commute with differentials. From an algebraic point of view, the space of 1-forms is a free finite bimodule over the algebra of smooth functions generated by the first order differentials and the commutativity shows how its left and right structure are related to each other.
Note that the linear operator d applied to x produces a 1-form whose Z 3 -grade is 1, by definition. Similarly, application of d to y and θ produces 1-forms whose Z 3 -grade are 2 and 0, respectively. We shall denote the obtained quantities by dx, dy and dθ. When the linear operator d is applied to the 1-forms, it will produce new entities which we shall call 2-forms of grade 2, 0, 1, respectively, denoted by d 2 x, and so on. Finally, we demand that d 3 = 0.
Structure of the commutation relations
To define a differential geometry on the algebra A one has to construct, first of all, an analog of a differential calculus on the algebra. To this aim let us associate generators x, y and θ and their differentials dx, dy and dθ which are considered as generators of a space Γ 1 (A) . = Γ 1 of 1-forms. We allow a multiplication of the differentials by the elements of A from the left and from the right and by the definition of the multiplications the resulting 1-form belongs to Γ 1 again. This means that Γ 1 is an A-bimodule. By the condition (2) of the Definition 3.2, we have
Now, in order to obtain the Z 3 -graded commutation relations of the elements of the algebra A with their differentials, we shall use the approach of [4] and [11] . Proposition 3.3. The Z 3 -graded commutation relations satisfied by the generators of A and their first order differentials are in the form
Proof. To obtain these relations, we assume that the possible commutation relations of the generators with their differentials are of the following form
where the coefficients Q i , A ij , B ij , C ij are possible related to q. One knows, from [4] , that the application of the exterior differential d to (15) does not give commutation relations between the differentials dx, dy and dθ. Therefore, to find them we first apply the operator ∆ L to the relations (15) . If we consider the first four relations in (15), and we apply them to the operator ∆ L , we find A 12 = 0, A 21 = q and Q 2 = 1. Next, to obtain the remaining coefficients, we use the consistency of calculus. The consistency conditions give rise to (A 11 − qQ 1 )A 22 = 0 and A 22 = qA 11 − q 2 . Thus, we have four solutions depending on the choice of Q 1 . Let's take as an appropriate choice Q 1 = q and A 22 = 0. Then we get the first, second, fourth and fifth relations in (14) . When similar operations are performed, the other relations in (14) can be also obtained. 
Proof. To obtain above relations, we assume that the possible commutation relations of the differentials are of the following form
where the coefficients F 1 , F 2 , F 3 are possible related to q. The actions of the operator ∆ L on the relations (17) give rise F 2 = 1 and
1 . There are no restrictions on the parameter F 1 , but it will be appropriate to choose it as q 2 .
Note 3. Using the first and fourth relations in (14) , it can easily be shown that
For the first one, we apply twice the operator d to the first relation in (14) . The result will give the relation dx ∧ d 
Proof. To obtain the relations (18) we will apply the exterior differential d from left to the relations (14) . If we differentiate the relations in (14) with respect to the Z 3 -graded Leibniz rule we get the relations (18) provided that
It is easily seen that the linear map ∆ L leaves invariant the relations (18) in the sense that
The relations (18) are not homogeneous in the sense that the commutation relations between the generators and their second order differentials include first order differentials as well.
We now proceed in the construction of the differential calculus by introducing the commutation relations of the first order differentials with second order differentials. Proposition 3.6. The commutation relations between the first order differentials and the second order differentials are as follows
Proof. If we apply the exterior differential d to the relations (18) using assumption that d 3 = 0 then we get the relations (19).
Note 4. In Note 3, we chose dx ∧ dx ∧ dx = 0 and dy ∧ dy ∧ dy = 0. However, the quantities dx ∧ dx and dy ∧ dy do not have to be zero. Indeed,
The relations in the following proposition can be obtained with applying the exterior differential d to the relations (19).
Proposition 3.7. The commutation relations between the second order differentials are as follows
Consequently, we set up a differential schema with the relations satisfied by the elements of the set {x, y, θ, dx, dy, dθ, d
Cartan-Maurer one forms on A
We now proceed in the construction of the differential calculus by introducing the space of 1-forms. We shall define three 1-forms using the generators of A and investigate their relations with the coordinates and themselves. Let us begin the following definition given by Woronowicz [2] . 
for all a, b ∈ A and ρ ∈ Γ, For a left-covariant bimodule Γ ∧ , an element of the vector space
Since Γ ∧ is a left-covariant differential calculus over A, one can define a linear mapping (the Cartan-Maurer 1-form) w a : A −→ Ω L by setting [2] 
If we omit the subscript Γ ∧ and write simply w a , then we have
Here, the 1-forms w x , w y , w θ are of degree 1, 2, 0, respectively. It follows immediately, from (4) and (13) , that ∆ L (w a ) = 1 ⊗ w a for all a ∈ A. So, we get w(A) = Ω L . The commutation relations between the generators of A and their differentials can be expressed in terms of the Cartan-Maurer 1-forms: Proposition 3.9. The commutation relations of above 1-forms with the generators of A are as follows x w x = q w x x, x w y = q 2 w y x, x w θ = q w θ x, y w x = q 2 w x y + (q − 1) w y x, y w y = q w y y, y w θ = w θ y, θ w x = q 2 w x θ, θ w y = q w y θ, θ w θ = q w θ θ.
Using (14) and (16) we now find the commutation rules of the generators of Ω L as follows Proposition 3.10. The commutation rules of the elements of Ω L are as follows
Later (in the proof of Proposition 4.2) we need the explicit formulae for d 2 w x , d 2 w y and d 2 w θ . From (22), one can write
Remembering that d 2 = 0 and d 3 = 0, we get the following 3-forms
Relations of partial derivatives
We now proceed in the construction of the differential calculus by introducing the partial derivatives of the generators of the algebra A and we will obtain the commutation relations between the coordinates, first and second order differentials and their partial derivatives.
Since Γ ∧ is a left covariant differential calculus, for any a ∈ A there are uniquely determined elements ∂ i (a) ∈ A such that 
Proof. We know that, the exterior differential d can be written in terms of the differentials and partial derivatives as
where f is a differentiable function. For consistency, the grades of the partial derivatives ∂ x , ∂ y and ∂ θ should be 0, 2, 1, respectively. Now, if we replace f with xf in the left hand side of the equality in (26), we get
On the other hand, the right hand side of the equality in (26) has the form
Now, by comparing the right hand sides of these two equalities according to the differentials we obtain some of the relations in (25). Other relations can be found similarly.
Proposition 3.12. The relations between partial derivatives are in the form
Proof. To obtain the relations in (27) one uses d 3 = 0 with the relations given in (18) and (20).
Note 5. It is easily seen that the cube of the partial derivatives ∂ x and ∂ y are both central. We said above that, the partial derivative ∂ y is of degree 2. Therefore, in terms of consistency, we can assume that ∂ 3 y = 0. Definition 3.13. The Z 3 -graded quantum Weyl superalgebra W q (2|1) is the unital algebra generated by x, y, θ and ∂ x , ∂ y , ∂ θ which satisfy the relations (1), (25) and (27).
To complete the schema, we need the relations that partial derivatives and first and second order differentials satisfied.
Proposition 3.14. The relations partial derivatives with first and second order differentials are as follows
and
Proof. To obtain the relations (28), we assume that the relations between partial derivatives and first order differentials as follows
and so on. The coefficients A i 's will be determined in terms of the deformation parameter q. To find them we apply the operator ∂ x to the relations (14) . Using the relation
2 and A 7 = 0. Other relations in (28) can be determined in a similar manner. The relations in (29) can also be obtained using the same idea.
Note 6. Using the relations (28), it can be easily seen that the relations
are consistent with d 3 = 0.
Z 3 -graded quantum Lie superalgebra
The commutation relations of Cartan-Maurer forms allow us to construct the algebra of the generators. In order to obtain the Z 3 -graded quantum Lie superalgebra of the algebra generators we first write the Cartan-Maurer forms as
Then the differential d can be expressed in the form
Here T x , T y and T θ are the (quantum) Lie superalgebra generators which are of degree 0,2,1, respectively. We now shall give the commutation relations of these generators. 
The proof of this lemma is easy and straightforward, but you will have to do some tedious process.
Proposition 4.2. The operators T x , T y and T θ constitute a Z 3 -graded quantum Lie superalgebra with the following Lie brackets
Proof. The assumption d 3 = 0 and long calculations with use of Lemma 4.1 give rise the commutation relations in (32). However, it is easy to show that the operators T x , T y and T θ satisfy the Jacobi identity.
The commutation relations (32) of the Lie superalgebra generators should be consistent with monomials of the coordinates of the Z 3 -graded quantum superspace. For this, we evaluate the commutation relations between the generators of superalgebra and the coordinates. These relations can be extracted from the Z 3 -graded Leibniz rule: Lemma 4.3. The commutation relations of the generators with the coordinates are as follows
The following corollary can be proven by using the Mathematical Induction Principle.
Corollary 4.4. For k ∈ N 0 , one has
The proof of the following proposition is based on Corollary 4.4.
Proposition 4.5. The coproduct structure of the Lie algebra generators is given by
The action of the counit and the coinverse on the vector fields can be obtained from the identities given in (8) and (9) .
We know, from subsection 3.4, that the exterior differential d can be expressed in the form (26), that is,
Considering (26) together (31) and using (22) one has
Using the relations (25) and (27) one can check that the relation of the generators in (35) coincide with (32). It can also be verified that, the action of the generators in (35) on the coordinates coincide with (33).
The dual of the Hopf algebra A
Let us begin with the Hopf algebra A. Then its dual U . = A ′ is a Hopf algebra as well. Using the coproduct ∆ in A, one defines a product in U and using the product in the Hopf algebra A, one defines a coproduct in U.
In this section, in order to obtain the dual of the Hopf algebra A defined in section 2, we have applied the approach which Sudbery invented for A q (2) [17] to A = O(R q (2|1)). Let us begin the definition of the duality given by Abe [18] . Definition 5.1. A dual pairing of two bialgebras U and A is a bilinear mapping <, >: U × A −→ C such that
for all u, v ∈ U and a, b ∈ A. We say that the pairing is non-degenerate if < u, a >= 0 for all a ∈ A implies that u = 0, and < u, a >= 0 for all u ∈ U implies that a = 0. Two Hopf algebras U and A are said to be in duality if they are in duality as bialgebras and if
The pairing can be extended to tensor product algebras by setting
It is enough to define the pairing between the generating elements of the two algebras. Pairing for any other elements of U and A follows from (36) and the bilinear form inherited by the tensor product.
As a Hopf algebra A is generated by the elements x, y, θ and a basis is given by all monomials of the form
where k ∈ N 0 , l, m ∈ {0, 1, 2}. Let us denote the dual algebra by U q and its generating elements by X, Y and Θ which are of degree 0,2,1, respectively.
Proposition 5.2. The commutation relations between the generators of the algebra U q dual to A are as follows
Proof. The pairing is defined through the tangent vectors as follows
We also have
Using the defining relations one gets
where differentiation is from the right as this is most suitable for differentiation in this basis. Thus one obtains
The other relations can be obtained similarly.
Proposition 5.3. The Hopf algebra structure of the algebra U q is given by:
(2) the counity ǫ U : U q −→ C,
Proof. Using the rule in (3), it is easily shown that the operator ∆ U (and others) leave invariant the relations (40). We will only obtain the actions of ∆ U , ǫ U and κ U on Y . The others can be obtained similarly. So, we assume that the action of
Then the commutation relations in A (or comultiplication in U) will imply that
But xy = qyx, therefore
We can now transform this algebra to the form obtained in Section 4 by having the following definitions:
which are consistent with the commutation relations and the Hopf structures.
6. The Z 3 -graded quantum supergroup GL q (2/1)
In this section, we will consider a quantum matrix T in Z 3 -graded quantum superspace and we will obtain commutation relations between the matrix elements of T .
Let T be a 3x3 matrix in Z 3 -graded superspace,
where the generators a, b, c are of degree 0, the generators β i and γ i are of degree 1 and 2, respectively. We will denote by GL(2|1) the group of such matrices.
We now consider the left coaction
(sum over repeated indices). This coaction is an algebra homomorphism and the elements δ L (X i ) should satisfy the relations (1). The action of δ L on the dual generators is as follows
(sum over repeated indices) whereX = (X i ) = (ξ, η, z) t . These elements δ L (X i ) must satisfy the relations (2) .
Consequently, we have the following commutation relations between the matrix elements of T : aγ 1 = qγ 1 a, aγ 2 = qγ 2 a, aγ 3 = qγ 3 a, aβ 1 = β 1 a, aβ 2 = qβ 2 a, aβ 3 = q 2 β 3 a, ab = ba + (q 2 − 1)γ 1 β 2 , ac = ca + (q − 1)β 1 γ 3 , β 1 β 2 = β 2 β 1 + (q − q 2 )aγ 2 , β 1 β 3 = qβ 3 β 1 , β 2 β 3 = qβ 3 β 2 , γ 1 γ 2 = q 2 γ 2 γ 1 , γ 1 γ 3 = γ 3 γ 1 + (1 − q 2 )aβ 3 , γ 2 γ 3 = qγ 3 γ 2 , γ 1 β 1 = q 2 β 1 γ 1 , γ 1 β 2 = q 2 β 2 γ 1 , γ 1 β 3 = q 2 β 3 γ 1 , γ 2 β 1 = qβ 1 γ 2 , γ 2 β 2 = qβ 2 γ 2 , γ 2 β 3 = β 3 γ 2 , γ 3 β 1 = β 1 γ 3 , γ 3 β 2 = qβ 2 γ 3 , γ 3 β 3 = β 3 γ 3 β These relations describe a deformation of the algebra of functions on GL(2|1). This algebra is denoted by F un(GL q (2|1)). The algebra F un(GL q (2|1)) is a Z 3 -graded Hopf algebra. Together with this fact, the properties of the Z 3 -graded quantum supergroup GL q (2|1) will be considered in another paper.
An R-matrix Formalism
Using the relations (14), we can find an R-matrix satisfying the Z 3 -graded Yang-Baxter equation. We assume that an R-matrix is associated with the quantum Z 3 -graded superspace R q (2|1). Then, we can express the commutation relations, (14) , between the coordinate functions and their differentials in the form
whereR = P R with the permutation matrix P . If we compare it with the relations (14) , for example, we see that, except the zero entries,R 
The commutation rules of the generators, X = (X i ), of function algebra on the quantum superspace R q (2|1), with an R-matrix, can be expressed as follows
Using theR-matrix, we can rewrite the relations (25) and (27) as follows
All relations in Section 3 can be rewritten in terms of theR-matrix.
